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A method is given for calculating the macroscopic coefficients of 
thermal conductivity and diffusion for microinhomogeneous solids 
whose local coefficients of thermal conductivity (or diffusion) form an 
ergodic homogeneous stray field. In the case of marked isotropy of 
the field of the local coefficients, the calculations are taken to a 
conclusion. The final formulas for the structure are not much more 
complicated than the corresponding first-approximation formulas. 
The results of calculations for certain other cases are also given. The 
effect of anisotropy of the crystallites in potycrystalline material on 
the coefficients of thermal conductivity and diffusion is discussed. 

One of the main problems in the mechanics of mieroinhomogeneous 
bodies is the determination of the macroscopic constants from the 
corresponding microscopic characteristics. The assumption regarding 
the small inhomogeneity used by a number of authors [1, 2] is not 
applicable in the case of isotropic polycrystalline aggregates consist- 
ing of substantially anisotropic crystallites, stochastic reinforced media 
media, etc. The so-called self-consistent field method [3] opens up 
some interesting prospects, but this method is an approximate one and 
its errors have not yet been assessed. Nevertheless, by making certain 
fairly general assumptions about the correlation properties of the in- 
homogeneity, it is possible to obtain final accurate formulas for such 
macroscopic properties of the solids as the coefficients of thermal 
conductivity, diffusion, elasticity, and thermal expansion. Below we 
consider some of the simplest problems involved in determining the 
macroscopic constants which form a second-order tensor and which 
characterize the d4stribution of a certain scalar quantity in a micro- 
inhomogeneous body. 

1. Le t  the s c a l a r  quan t i ty  0 (r) ,  w h e r e  r = (xl, x2, 
xa ), s a t i s f y  

o (x. 00 
axj t ~ - ~ - 1  = 0  (1.1)  

( h e r e  and s u b s e q u e n t l y  a g r e e m e n t  about  s u m m a t i o n  
wi th  r e s p e c t  to " d u m m y "  ind ices  is u s e d . )  A c e r t a i n  
s y m m e t r i c a l  p o s i t i v e l y  de f i ned  s e c o n d - o r d e r  t e n s o r  
is  d e t e r m i n e d  by the  c o e f f i c i e n t s  Xjk at e a c h  po in t  in 
the  f ie ld .  Equa t ion  (1.1) can  r e p r e s e n t  the s t a t i o n a r y  
t e m p e r a t u r e  d i s t r i b u t i o n  in a so l id ,  the  s t a t i o n a r y  
c o n c e n t r a t i o n  d i s t r i bu t i on ,  e tc .  C o r r e s p o n d i n g l y  the 
t e n s o r  f i e l d  Xjk (r)  wi l l  r e p r e s e n t  the  d i s t r i b u t i o n  of 
the  l o c a l  c o e f f i c i e n t s  of t h e r m a l  conduc t iv i ty ,  d i f fu-  
s ion,  e tc .  In o r d e r  to be s p e c i f i c ,  we wi l l  t r e a t  Eq.  
(1.1) as  the equa t ion  of hea t  conduc t ion  in a so l id  under  
s t a t i o n a r y  cond i t i ons .  

We c o n s i d e r  Eq.  (1.1) unde r  the a s s u m p t i o n  tha t  
the body has  an i n h o m o g e n e o u s  m i c r o s t r u e t u r e  and 
hence  tha t  the  t h e r m a l - c o n d u c t i v i t y  c o e f f i c i e n t s  Xjk (r)  
f o r m  a s t r a y  f ie ld .  The  d i m e n s i o n s  of the  body a r e  
such  that ,  in c o m p a r i s o n  wi th  the  s c a l e s  of the i n -  
h o m o g e n e i t y  and the  c o r r e l a t i o n ,  i t  can  be r e g a r d e d  as 
l i m i t l e s s .  The f ie ld  Xjk( r )  is a s s u m e d  h o m o g e n e o u s  
and e r g o d i c .  We c o n s i d e r  a m e d i u m  c o n s i s t i n g  of 
e r y s t a l l i t e s  of one kind. Le t /~ jk  be the t h e r m a l - c o n -  
duc t iv i t y  t e n s o r  fo r  a c r y s t a l l i t e  r e f e r r e d  to the c r y s -  
t a I Iog raph i c  axes .  Th is  t e n s o r  i s  a s s u m e d  to be  d e t e r -  

m i n a t e  and equa l  at a l l  po in t s  in the f i e ld .  T r a n s f e r i n g  
to the  l a b o r a t o r y  c o o r d i n a t e  s y s t e m ,  we obta in  

Z, jk = cj~cdx~ ~, (1.2) 

w h e r e  Cjc e is  the t r a n s f o r m  m a t r i x  of the c o o r d i n a t e s .  
We now w r i t e  Xjk and # j k  as 

~.i~ : ~'jlc' + ~'j~", ~tjk = ~jl~' + btjk ", (1.3) 

T w h e r e  kjk = # j k  = (XJ k} a r e  the m a t h e m a t i c a l  e x p e c -  
t a t ions  of the  t e n s o r s  ( h e r e  and subsequen t l y  the a v e r -  
ag ing  o p e r a t i o n  wil l  be deno ted  by ang le  b r a c k e t s ) ,  and 

T? 
kjk and Pjk a r e  the f luc tua t ing  c o m p o n e n t s .  In [2] it  
was  a s s u m e d  that  Xj~ ~ eXjk, w h e r e  e i s  a s m a l l  
n u m b e r .  In the  p r e s e n t  p a p e r  no a s s u m p t i o n  is  m a d e  
r e g a r d i n g  the s m a l l n e s s  of the  f l uc tua t ing  c o m p o n e n t s .  

Le t  us  f o r m u l a t e  the boundary  cond i t ions  c o r r e -  
sponding  to Eq.  (1.1). Since the body is  a s s u m e d  to be 
u n l i m i t e d  and the f i e ld  Xjk(r) h o m o g e n e o u s ,  i t  is 
n a t u r a l  to adopt  the s t o c h a s t i c  boundary  condi t ions ,  
which  r e q u i r e  that  the  m a t h e m a t i c a l  e x p e c t a t i o n s  of 

the  t e m p e r a t u r e  should  be equa l  to the  g iven  v a l u e s  
at a l l  po in t s .  In the  c a s e  of a cons t an t  t e m p e r a t u r e  
g r a d i e n t  th roughou t  the v o l u m e ,  we obta in  the  cond i -  
t ion 

<aOlOz~> = p~, (1 .4 )  

w h e r e  pj is  the  g iven  v e c t o r .  Our  p r o b l e m  r e d u c e s  to 
f ind a f i e ld  0(r) s a t i s f y i n g  Eq. (1.1) and cond i t ions  
(1.4) and to c a l c u l a t e  the  e q u i v a l e n t  t h e r m a l - c o n d u c -  
t iv i ty  t e n s o r  fo r  a h o m o g e n e o u s  body (the m a c r o s c o p i c  
t h e r m a l - c o n d u c t i v i t y  t e n s o r ) .  Th is  t e n s o r  is  n a t u r a l l y  
i n t r o d u c e d  by the cond i t ion  of equa l i ty  b e t w e e n  the 
m a t h e m a t i c a l  e x p e c t a t i o n  of the  hea t  f low in a m i c r o -  
i n h o m o g e n e o u s  body and the  hea t  f low in the e q u i v a l e n t  
h o m o g e n e o u s  body. 

< ~  aO/axk> = )~Jk*Pk (1.5) 

Equa t ion  (1.1) and cond i t ion  (1.4) a r e  e q u i v a l e n t  to 
the  i n t e g r o d i f f e r e n t i a l  equa t ion  

�9 ( 1 . 6 1  0 (r) - -  ~ G (r, ~ )  

w h e r e  d h = dxl ,dx  m dxa.  and G(r,  r l )  is  the  G r e e n ' s  
func t ion  of the s t a t i o n a r y  hea t  conduc t ion  equa t ion  in 
a h o m o g e n e o u s  m e d i u m  wi th  the t e n s o r  Xjk 

~ik'a2G (r, r l ) /ax f lx~  = - -  5 (r - -  h ) .  (1.7) 

If Xl~j(r ) i s  a h o m o g e n e o u s  e r g o d i c  f ie ld ,  0(r )  f o r m s  
a s t r a y  f i e ld  wi th  u n i f o r m  e r g o d i c  i n c r e m e n t s .  F o r  
c o n v e n i e n c e  we t r a n s f e r  f r o m  Eq.  (1.7) to the e q u i v -  
a len t  integrodifferential equation for the gradient 
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00/Oxj. Differentiating (1.7) term by term, using the 
fact that G(r,rl)  = G(p), where p = r~ - r, and inte- 
grating by parts, we obtain 

O0 ~ O~G (~) [g~.(' (r + "00 (r + ~)l d~ o~ ~ 0 ) ~ ]  =~. (1.8) 

Here  ~j = x  h - x j ,  dp =d~ld~2d~a.  Equation (1.8) 
is solved by i t e ra t ion  

ax~ -- P i+ p~ ~ I...j0-~p-~7~ . . .  
N = I  

a~a(~) ~ " ( r + o z )  �9 

. . .  ) ~ " ( r  + 0~ + . . . + ~ N ) d o I . . . @ N .  (1.9) 

For  the m a t h e m a t i c a l  expec ta t ions  of the hea t  flows 
we obtain 

/ ;~ \  " o ~ /  X~p~+ p~ y, ~ . ~ . . .  
N = I  

a ~  ( ~ )  <X~," (0) X ~ , "  ( ~ )  . . . 
� 9  O~2vO~ N 

. .. ~';~N ~" (~1 -~ . .  �9 "~ ON)> d~x.. �9 dON. 

F r o m  this  by de te rmin ing  (1.5) we find the t enso r  
of the m a c r o s c o p i c  t h e r m a l - c o n d u c t i v i t y  coeff ic ients  

, ~176 I i 0~v(~a k ~ * =  ~ + y, . . .  o%o%, "'" 
N = I .  

eN ~N 

�9 . . L ~ N ~ "  (O~ + .  �9 �9 + 0~)> d0~" �9 �9 d 0 ~ -  (1.10) 

Keeping only one t e r m  of the s e r i e s  (N = 1) in 
Eq. (1.10) c o r r e s p o n d s  to the Born approx imat ion  
[1,2].  The p r o b l e m  is to ca lcu la te  the gene ra l  t e r m  
of the s e r i e s  (1.10) for  the mos t  gene ra l  p r o p e r t i e s  of 
the t e n s o r s  Xjk and Xi~, and to c a r r y  out the ac tual  
summat ion .  Equation (1.10) can a lso  be e x p r e s s e d  in 
the fo rm 

3q~* = ~,~' + <X~**>. (1.11) 

The t enso r  Xj*~ is  the solut ion of the in tegra l  equa-  
tion 

, , ,  , r a~G (~) 
X~** (r) = ~ ~r) ~ [~,~.** (r + 0) + 

+ ira:" (r + ~)1 dl~. ( i .12)  

The app l ica t ion  of the i t e r a t ion  method of Eq. (1.12) 
again leads  to (1.10). 

2. Let  the f ie ld of the coeff ic ients  k jk(r )  be m a r k -  
edly i so t rop ic  in the sense  tha t the  c o r r e l a t i o n f u n c t i o n s  
of the t e n s o r s  Xjk(r) and Xjk(r)  f rom an i so t rop ic  
t e n s o r  f ie ld .  This l imi t a t ion  is m o r e  r i g id  than the 
i so t ropy  r e q u i r e m e n t  for  the c o r r e l a t i o n  functions of 
Xjk(r ). A p o l y c r y s t a l l i n e  aggrega te  whose cons tan ts  
s a t i s fy  the condit ion of m a r k e d  i so t ropy  wil l  be de -  
s c r i b e d  as  m a r k e d l y  i so t rop ic .  Fo r  such a p o l y c r y s t a l  

I 
l ine aggrega te  Xjk = k05jk, where  X 0 is the m a t h e m a t -  
ical  expecta t ion  of the t h e r m a l - c o n d u c t i v i t y  coeff ic ient ,  

G (0) = (4gkoP) -1, P = (~j2)v2. (2.1) 

In this  c a s e  the c o r r e l a t i o n  t e n s o r s  

<~.j~," ( r ) . . .  h~N-~'~N (r) X~N~** (r + 0)> = ~J ..... ~N.': (2.2) 

depend only on the d i s tance  p = (~ )1 /2  between the 
points .  

The m a t h e m a t i c a l  expecta t ion  of the t enso r  Xi* ~ 
is ca l cu la t ed  with Eq. (1.12) 

<xjk**> = ~ o~-~~~ [r (P) + %'~ (P)] d~. 

Noting that  

and in tegra t ing  with r e s p e c t  to the s p h e r i c a l  coo rd i -  
na tes  p, ~, 0, we find 

i <X;~**> = - -  ~ [~j~ (0) + ~j~,~, (0)1 + 

co 2 ~ x  
i 

0 0 o 

[3~'~S 8~:)siaOdpd~dO" + *m~: (p)l ! 7 

In tegra t ing  over  the sphe re  p = const ,  the in tegra l  
van i shes .  Thus 

<X.I k > = - -  1/3)~0--1 [q~#~0tk ( 0 )  - ~  r  ( 0 ) ] ,  

Repeat ing the p r o c e d u r e  and taking into account 
Eq. (1.10), we f ina l ly  obtain 

~o 

~ * :  ),o6~ + "~, Lk (N),. 

I ~N ,, ,, ~r~<~ = ( -  ~ : )  <~,  ~ . . . . . . .  ~N,/ '>.  (2 .3)  

VCe now e x p r e s s  (2..3) in t e r m s  of ttjk. Let  #j~ be 
the f luctuat ing p a r t  of this  t ensor .  Using r e l a t i onsh ips  
of the (1.2) type,  the s ing le -po in t  c o r r e l a t i o n  t enso r  
in (2.3) becomes  

/ tt # )k t~\  

= < C j y t C a t Y t  �9 . �9 C ~ I ~ y ~ N + $ C I ,  Y 2 N + 2 >  ~Y,y~" �9 . . ~ Y 2 N + I Y 2 N + 2  �9 

By con t rac t ing  the t enso r ,  as  indica ted  in Eq. (2.3), 
and bea r ing  in mind that  

we obtain 

3 <~. ,,~ . ~,. i 
" ~  . . . . . . . . .  . " N : ~ >  = - 5 - 6 ~  ~ ,  ( Ix~") ~§  (2 .4 )  

Here # ~ a re  the p r inc ipa l  va lues  of the t e n s o r  /4~p 
(here  and subsequent ly  the ru le  of summat ion  with 
r e s p e c t  to dummy indices  is not extended to the index 



JOURNAL OF APPLIED MECHANICS AND TECHNICAL PHYSICS 5 

a).  Wi th  (2 .3)  and  (2.4)  Eq.  (1 .10)  t a k e s  t h e  f o r m  hi* k 

= X, Sjk , w h e r e  

~--*-* = t - -  ~ L ( - -  ~ j , , N  (2 .5)  ~ 3~,~ ] ' 
N ~ 2  a ~ l  

The  r i g h t - h a n d  s i d e  c o n s i s t s  of a c o n v e r g i n g  s e r i e s .  
It c a n  e a s i l y  be  v e r i f i e d  t h a t  the  s u m  of the  s e r i e s  

(2.5) is 

3 
_ _  r~, , , /_  ~ 

( IXa" ~ (t  + (2.6)  ~'*~.o = t - -  ~ \3;~o] 3~.o] " 
a ~ t .  

3. E q u a t i o n  (2.6)  g i v e s  an  a c c u r a t e  v a l u e  of the  

m a c r o s c o p i c  t h e r m a l - c o n d u c t i v i t y  c o e f f i c i e n t  f o r  a 
m i e r o i n h o m o g e n e o u s  body w i t h  m a r k e d  i s o t r o p y ,  and  
we u s e  i t  to  e v a l u a t e  t he  v a r i o u s  a p p r o x i m a t e  m e t h o d s ,  
If t he  e r y s t a l l i t e s  a r e  s l i g h t l y  a n i s o t r o p i c ,  t he  p o l y -  

c r y s t a l l i n e  a g g r e g a t e  wi l l  h a v e  l i t t l e  i n h o m o g e n e i t y .  

T h i s  c a s e  h a s  b e e n  d i s c u s s e d  in [2]. To o b t a i n  a 
f o r m u l a  c o r r e s p o n d i n g  to the  a s s u m p t i o n s  in [2], we 
r e p l a c e  Pc~ by  e#o~, w h e r e  e i s  the  s m a l l n e s s  p a r a m -  
e t e r ,  and  we e x p a n d  t he  r i g h t - h a n d  s i d e  of Eq .  (2 .6)  

in a s e r i e s  in p o w e r s  of e. R e t a i n i n g  t e r m s  e ~, we  
f i nd  

X,)~__~ - - ~  _ (1~") ~- . (3 .1)  

L e t  t h e  c r y s t a l l i t e  h a v e  one  a x i s  of s y m m e t r y ,  f o r  
e x a m p l e .  We d e n o t e  t h e  p r i n c i p a l  v a l u e s  of t he  t e n s o r  

# j k b y # ~  = #~ = # •  t t ~ = # l l .  T h e n  

~.o = % F •  + % F u, F~" = ~" = - -  ~/~ (~  II - -  F •  

~ "  = ~/a (Ftl -- I~• �9 (3.2) 

T h e  e x a c t  f o r m u l a  (2 .6)  t a k e s  t h e  f o r m  

)~* 4P ~ 2P ~ [" ~lt --  i~• 
x--T = t  ~P=  3 (3 -f- 2p) 3 (3 --  p) Ix II + 2F• ] .  (3.3) 

F o r  the  c a s e  (3.2)  Eq.  (3.1) h a s  the  f o r m  ( a s s u m -  
ing  e = 1) 

~, / )~o = t -- ~/~ p~. (3 .4)  

~or small values of p (i .e.  for gl] ~ it• F4s. (3.3) and (3.4) give 
similar results. For p ~ 1 (i .e.  for itm/itl[ ~ 0), ~ .  (3.3)gives k. --- 
--~ 2ka/5. Expressions (3.4), formally extended to the case of large in- 
homogeneities, gives L:~ --- X0/3. In the opposite case (gl]/~'~ "-~ 0), 

r t 

F ig .  1 

we have p --~ --1/2. Then according to Eq. (3.3)X. --* llk0/14 and 
according to Eq, (3,4)X. ~ 5X0/6. The graph of the dependence of 

k,/itll on #• is given in Fig. 1. while Fig. 2 shows the dependence 
of ~,:,/~• on ~ll/g• Curve 1 corresponds to the exact formuia (3.3) and 
curve 4 to formula (3.4). For the sake of completeness we have plotted 
on the graph curves 2 and 3 corresponding to the approximate values of 
X* obtained by simple averaging of the coeffieiertts of thermal con- 
ductivity (curve 2) and thermal resistance (curve 3). As can be seen 
from the graph, the first (Born) approximation gives satisfactory results 
in the case of large inhomogeneities too. Let. for example, ~• = 
= t~[l/2. Then p = 1/4 a~d the difference between Eqs. (3.3) and (3.4) 
is 0.3%. 

7 
I 

8 

f 

% 
-3 

g~/~• 
r 

Fig.  2 

We will estimate the error of the self-consistent 
field method for this problem. Following this method, 
we consider the problem of the stationary heat conduc- 
tion in an isotropic expanse containing an anisotropic 
inclusion in the form of a spherical crystallite of 
radius R. On the assumption that the tensor of the 
thermal-conductivity coefficients of the isotropic 
medium coincides with the tensor of the macroscopic 

thermal-conductivity coefficients kjk = k,Sjk, we 
obtain it from the condition that the temperature gra- 

dient averaged over the volume of the crystallite and 

the set of realizations coincides with the mathemat- 
ical expectation of the temperature gradient in the 
polycrystalline aggregate. Let 

Then to determine the temperature gradient we 
obtain an integral equation of type (1.8) 

Oxj J O~jO~k )~** (~) ~-[df; = pj. (3.5)  

B e a r i n g  in  m i n d  t h a t  f o r  t he  m o d e l  a d o p t e d  

ki~** ~ 0  f o r I r l > R  

~j~** (r) = cj~%O~t~** = const fo r  I r [ ~ ~ 

we t r a n s f o r m  Eq.  (3.5)  in to  

00(r) ** ~ 0~G(~- - r )00(~)d~__pj .  (3.6)  
Ox i ck~c l ,~  0~i O~k OE.z 

la ~['< n 

Let us average the temperature gradient over the 
volume of the erystallite. For this purpose we inte- 
grate Eq. (3.6) with respect to the volume Ir I --< R 

c c ** ~ p j? 
t r l~<R 

a2C ( ~  - -  r) O0 O) 
X 
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a t 
F i g .  3 

By  a l t e r i n g  t h e  o r d e r  o f  i n t e g r a t i o n  and  d i f f e r e n -  
t i a t i o n ,  w e  t r a n s f o r m  i t  in to  

p O = c ~ c a l ~ * * ~ _  I oo(,) 0~ 

X [irl~< R G ( , - - r ) d r ] d , =  p~. 

Considering t h a t  

f G ( ~ - - ~ ) d r =  I i 2~-. ( R 2 - -  - '~  p ' ) 
Irl<R 

a n d  d i f f e r e n t i a t i n g ,  we  f i n d  f o r  t h e  t e m p e r a t u r e  g r a -  
0 d i e n t  p j  a v e r a g e d  o v e r  t h e  v o l u m e  Of t h e  c r y s t a l l i t e  

(2~,6j  k + c i ~ c k ~  ) p O = 3~,~p~ (3 .7)  

T h e  d e t e r m i n a n t  o f  E q .  (3 .7)  i s  i n d e p e n d e n t  of  t h e  

d i r e c t i o n  c o s i n e s  a n d  e q u a l s  

D = 8~.. a + 4;~. (l%. + B ~  + ~ )  + 

+ 2 ;~  2 (l-h I% + ~ a  + ~ta~h) + ~ / t ~ a .  

F r o m  E q .  (3 .7)  a n d  t h e  c o n d i t i o n  (p~) = P l  w e  o b t a i n  

an  e q u a t i o n  f o r  t h e  e f f e c t i v e  t h e r m a l - c o n d u c t i v i t y  

c o e f f i c i e n t  

4 ~ .  2 -  1/5~- . [6 (~tl~t 2 -}-~t2~t a - } - ~ t 3 ~ 1 1 ) -  

_ (V= +~2 + ~ta=)] _ ~,~t#3=0.  (3.8)  

F o r  #1~2~a ~ 0, t h i s  e q u a t i o n  h a s  o n l y  o n e  r e a l  
p o s i t i v e  r o o t .  T h i s  f o l l o w s  f r o m  t h e  f a c t  t h a t  t h e  s u m  

of  t h e  t h r e e  r o o t s  i s  z e r o ,  w h i l e  t h e i r  p r o d u c t  is  p o s i -  
t i v e .  T h e  r e s u l t s  o f  t h e  c a l c u l a t i o n s  f o r  t h e  c a s e  # l  = 
=Pc =#j_ ,  ~a =#[I a r e  g i v e n  in  F i g s .  1 a n d  2, c u r v e  5. 
T h e s e  g r a p h s  s h o w  t h a t  t h e  s e l f - c o n s i s t e n t  f i e l d  

m e t h o d  g i v e s  g o o d  r e s u l t s  e v e n  w i t h  v e r y  s u b s t a n t i a l  
a n i s o t r o p y  of  t h e  c r y s t a l l i t e s .  

4. The calculations can be continued to the end in certain other 
cases. Let us consider, for example, the field kjk(r ) having the fol- 
lowing properties: in the x,, x~ plane it is markedly Rotropic in the 
sense of the definition given in section 2, while the Xs-axis is the 
principal axis of the tensor kjk at each point, the component kas 
being determined. Certain disordered reinforced glass-like plastins 
obtained by pressing belong to this type. We will restrict ourselves to 
the determination of the macroscopic thermal-conductivity coeffi- 
cients in the xl, x2 plane. In this case we arrive at the plane problem 

for Eq. (1.1) with conditions (1.4) and the Green's functions 

O (~) = (2u~0) -11n p, p = (~j=)V, (/~__ t, 2). (4.1) 

Equations (1.11) and (2.2) remain in force. Polar coordinates are 
used to calculate the tensors I/i~ ).' '" The calculations lead to a formula 
similar to (2.3) 

i(/v)_ (__ .~_1 ~N <kTa,Z; a 
J:, - ~ 2~,o] , "."" ~s >. 

By using a formula of type (1.2) and bearing in mind that for the 
plane problem 

<c(~)~ c(=)y~ > ~ lp. 6,by ~ 

(not summing with respect to a)  we obtain 

2 

Whence, after returning to (1.11), we find that ki' k = k*6jk, where 

g, ~, i N = 
Z 

N=2 a ~ l  

The sum in Eq. (4.2) is easily calculated and, since p~ = --la~' is 

~'* / ~*0 = t - -  (~1,1" / 2~,0) 2 [ t  -~- (~110 / 2~0)21-1 . (4.3) 

It is not difficult to calculate the corresponding first (Born) approxi- 
mation 

~.* / ~0 = t -- (bh" / 2X0)~. (4.4) 

Let us denote the principal values of the tensor gjk by Pl = g• 
g2 = ,ull. A graph of the exact dependence of the ratio k,/g[[ on the 
ratio ~• is given in Fig. 3, line 1. Curve 2 corresponds to the 
averaged tIiermal conductivity coefficient, curve 3 to the averaged 
thermal-resistance coefficient, and curve 4 is constructed from the 
Born approximation Eq. (4.4). In this case the self-consistent field 
method gives 

X. = ffql,~) '/~ 

from which curve 5 is constructed. As can be seen from the graph, 
in this problem too the Born approximation and the self-consistent 
field method have a wider field of application than is to be expected 
from semiintuitive considerations. 
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